SINGULAR-UNBOUNDED RANDOM JACOBI MATRICES

NISHANT RANGAMANTI

ABSTRACT. There have been several recent proofs of one-dimensional Anderson lo-
calization based on positive Lyapunov exponent that hold for bounded potentials. We
provide a Lyapunov exponent based proof for unbounded potentials, simultaneously
treating the singular and unbounded Jacobi case by extending the techniques in [19].

1. INTRODUCTION

In this paper, we consider random Jacobi operators given by:
wa(n) = tw(n - 1)¢(7’L - 1) + tw(n)w(n + 1) + Vw(n)w(n)a

where {V,,(n)}5 _  and {t,(n)}52 _ . are two i.i.d processes, independent of each other
on some probability space (2.

When the random variable ¢,(n) = 1 almost surely, this is the celebrated Anderson
model in one dimension. Many proofs exist for regular distribution of the potential
(see [1-3, 11, 12, 22, 25, 26]). The first proof of spectral localization for non-constant
potentials requiring only a finite moment and no additional regularity on the distribution
was given by Carmona, Klein, and Martinelli [6] in 1987 and represented a significant
advancement, resolving the issue of localization for Bernoulli disorder. Their proof is
based on multi-scale analysis. Recently, there have been several new proofs in dimension
one (see [5, 15, 19]) which take advantage of positive Lyapunov exponents. The proof
given in [19] provides a very short argument by using some ideas Jitomirskaya introduced
in 1999 in the study of the almost Mathieu operator [20]. The arguments in [5, 15, 19]
all hold for bounded potentials. Here, we extend the argument of [19] to the unbounded
Schrodinger case, as well as the unbounded and singular Jacobi case. We believe the
unbounded and singular Jacobi results are new although they likely could have been
obtained by multi-scale analysis as well. Our approach, however, is significantly simpler.

We now elaborate on the precise set-up of the operators described above. Let €y be
R* xR with probability measure g1 on R*, pg on R and p := pq X g on Qg. Then, with
Q=0% P=p% and w(n) = (wi(n),w2(n)), we let t,(n) = wi(n) and V,(n) = wa(n).
Additionally, we have the associated shift operator on §2 given by T(w(n)) = w(n — 1),
which is ergodic. Ergodicity provides the foundation for the study of such random
models. In particular, under these general conditions, Kirsch and Martinelli have shown
that almost surely, the spectrum o(H,,) is a non-random set [21].

We shall further suppose that V,,(0) is a.s. non-constant. The only other conditions
will be given by finiteness of certain moments of these processes. In particular, we
require E[|V,,(0)|%] < oo, E[(1/t,(0))?] < oo, and E[(#,(0))"] < oo, for some a, 3, and
v > 0. Since H,, is self-adjoint if > > L = 00 (e.g. Lemma 2.16 in [27]), by the

n=—c0 1,(n)
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law of large numbers, H,, is self-adjoint for a.e. w. Thus, we will obtain localization in
the following three specific contexts of interest:
i) V,,(0) is unbounded and t,(0) =1 a.s.
This is simply the Anderson model with an unbounded potential, recovering
the result of Carmona, Klein, and Martinelli [6].
ii) V,,(0) is bounded (but not a.s. constant), while ,,(0) is unbounded and/or
singular
ie. t,(0) € (0,00) a.s. (as opposed to t,(0) € [My, Ms] a.s. with 0 < M; <
My)
iii) V,,(0) is unbounded, ¢,(0) is unbounded and/or singular in the same
sense as case ii).

In the quasi-periodic case, these singular and unbounded operators arise naturally.
The extended Harper’s model, proposed by Thouless and studied in [4, 17, 18, 29]
provides an example of the singular case, and the Maryland model (see [9, 10, 24])
provides an example of the unbounded case.

Finally, we mention that to the best of our knowledge, ii) and iii) have not been
previously obtained by other methods (without further regularity assumptions).

The rest of the paper is organized as follows: Section 2 contains the statement of
the main result (Theorem 1), Section 3 gathers the various formulas and miscellaneous
objects needed. Section 4 describes the application of results used in [19] when ¢,,(0) and
V,(0) are unbounded. Section 5 contains a reformulation of Theorem 1 as Theorem 10,
Section 6 contains the lemmas which constitute the central revisions needed to adapt the
argument in [19] in the unbounded and/or singular case, and finally, Section 7 contains
the proof of Theorem 10. We note that given the adjustments made in Sections 4
through 6, the proof of Theorem 10 follows the argument in [19] closely.

2. PRELIMINARIES AND STATEMENT OF THE MAIN THEOREM

Definition 1. The operators H,, are said to exhibit spectral localization if for a.e
w, H, has pure point spectrum and all of its eigenfunctions decay exponentially in n.

Definition 2. We call E a generalized eigenvalue (g.e.), if there exists a nonzero poly-
nomially bounded function ¢ (n) such that H,(¢)) = Evy. We call ¢)(n) a generalized
etgenfunction.

Since the spectral measures are supported by the set of generalized eigenvalues (e.g.
[16]), spectral localization is a consequence of:

Theorem 1. For a.e. w, for every g.e. E, the corresponding generalized eigenfunction
Yo, E(n) decays exponentially in n.

3. TERMINOLOGY AND FORMULAS

We let H,, [, denote the operator Hy, restricted to the interval [a, b] with zero boundary
condition, let o(H,, 45) denote its spectrum, and for j € [1,b— a + 1], let Ej 4., be
the eigenvalues of H,, (-
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For a discrete Jacobi operator H,,, we denote the Green’s function on the interval [a, b]
with energy E ¢ o(H,, [44) and zero boundary condition as

G[a,b],E,w = (Hw,[a,b} - E)il (1)
Glap),E,w can be viewed as a b — a + 1-dimensional matrix and we denote the z,y entry
of this matrix as G|, pw(T,Y)-
We also let P, ) g = det(H,, o) — E) and P, ) be plablNZ op an’b]mz.

Definition 3. For ¢ > 0 and n € N, we say = € Z is (¢, n, E,w)-regular if
1
1 G _ , _ < - —CTL,
( ) | [z n,x-i-n],E,w(x € n)| = tw(ac)e

1 —cn
(2) |G[.T—7L,£E+Tl],E,UJ(':E’ T+ n)| < me

Definition 4. We say = € Z is (¢, n, F,w)-singular if it is not (¢, n, E, w)-regular.

We first discuss some consequences of ergodicity, then set some conventions and list
some additional objects and formulas below.

(1) We let
E-Vu(k) -1
Tepoi=| Wk @Wh |,
ko to(k) 0

so that for a generalized eigenfunction 1, of H,, we have:

(2)
- ( b(k) ) B <ww<k+1>>
S\ (b — Dity(k—1) Yo (k)tw(k) ) -
(3) Moreover, for any interval [a,b], we set Sjqp) 5w = [ liey Th,Ew
so that

(4) Siap),Bw (m(ﬁ?j&?— 1)) - (;zf)f((:);(ll?))) '

Since the shift operator 7" on 2 is ergodic and E[In™ || T} g ||| < oo, we can apply
Kingman’s subadditive ergodic theorem to obtain the Lyapunov exponent

In||SH nl Ew
o Sl

n—oo n

a.e. w

V(E)
Remark. Note that the above limit exists a.e. w for a fixed energy F.

We now list Jacobi analogs of some well-known formulas from the Schrodinger
case (the proofs in both cases are identical).
(5) For a generalized eigenfunction v of H,,, and z € [a, b]
P(x) = =Glag),pw(@ a)P(a — Diw(a —1) = Glap),pw(@, b)Y (b + 1)ty (b).
(6) For x <y, we have:
NPae—1,mwlte(@) - to(y — DI Pyi1p,50l

Ga w x? - ’
’ [a,0],E, ( y)‘ ‘P[a,b],E,w|

where
Poppw =1 b<a.
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ty(a) - t,(b) :=1,if b < a.

tu(a) - t,(b) :==ty(a), if a =0.
This formula connecting the Green’s function to determinants of restricted H,,’s
can be proven by an application of Cramer’s rule.

Plab),E,w —Play1,0],B,w
_ | meam @)t 0]

(7) SlaplBw = | Py (ta®)?  —Plair o)t ()2
t (@)1 (D) to (@)t (D)

This last formula expressing the transfer matrices through determinants of re-
stricted H,’s can be established by induction.

Since we aim to prove localization at energies in a finite interval I, we fix I =
[s,t], a compact interval with non-empty interior in R and let I = [s — 1,¢ + 1].
We then define the following ‘large deviation’ sets:

| Pla),E _
T . Bl o (B b-at)
®) B = { (B B el o> 2

) | Plap], Bw
_ : _ U LEY
(9) B (o).« {<E’”> Eel, tw(a) - tw(b)

and denote the corresponding sections by
(10) B¥iupew = { B (B.w) € BE

lable [
(11) B faper = {w H(B,w) € B[:S,b],s} '

Additionally, we let

_ Bt -

(12) B[a,b],* - B[a’b U B[a,b],*

and finally,

~ |P[a b] Ew| —

13) Bt 4. = 4 (B,w) 1 —— @B 5 o((B)+e)(b-atl)
(13) Btiap).e {( ;W) to(a) - to(b) = © ’

> | Plap), B0l N
14) B~ =<{(E L PadhBwl - (v(E)—e)(b—at1)
(1) B oo = { (B s o8 < |

with the corresponding extensions to the sections as in (10) and (11) above.

e(v(E)—a)(b—aH)} 7

], %

By rescaling the operator in question, we may assume that E[( %)'B | =c < 1. Fur-
thermore, we let E[t,(0)"] = ¢o and E[|V,(0))|] = 3.

Lastly, we let d = inf{y(E) : E € I} and note here that d > 0. For the proof, see
Theorem 7.

4. ACCOUNTING FOR UNBOUNDEDNESS/SINGULARITY

There are a variety of results that the argument given in [19] relies on, the most im-
portant results being positivity of the Lyapunov exponent, an estimate by Craig-Simon
[7] that provides uniform bounds on transfer matrices, and certain large deviation es-
timates [28]. That these theorems can be applied to bounded random Schrédinger
operators is understood and it is our aim in this section to describe their extension to
the singular-unbounded Jacobi case.

We begin by describing the setting of the theorem by Craig-Simon.
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Suppose M, = A+V,, is a one-dimensional discrete random Schrodinger operator where
the potential V is a bounded ergodic process, with

E-V,(k) -1
Ak,E,w ::( 1 ( ) 0)7

 T1a .. 4 L IHHR[l,n],E,wH
and R,y pw = [li—p Ak pw- Additionally, let ¥ (w, F) = limsup ————"——

-1
[l 1m0l

)

¥ (w, E) = limsup

and y(F) denote the associated Lyapunov ex-

ponent.

Theorem 2. (Craig-Simon [7]) In the above setting, for a.e. w and all E, ¥ (w, E) <
V(E).

The proof given in [7] only requires that the random process through which the operator
is defined is ergodic, in addition to the finiteness of E[In || Ay g ||]. Both these require-
ments hold for H,, given that the diagonal and off-diagonal elements are i.i.d. and our

assumptions on the expectations of ¢,(0), W,and V,(0). Specifically, the finiteness of
w

the above quantity is used to ensure the application of Kingman’s subadditive ergodic

theorem which not only results in the almost sure existence of the Lyapunov exponent

for each energy E, but also that 7% (w, E) is submean and (FE) is subharmonic. It is

this last fact that is proved in the Craig-Simon paper and is then used to give a proof

of the theorem as stated.

. . . . L In [[S[1,n),5,0]l
With Ty g, and Si, ) B defined as in Section 3, ¥ (w, F) = limsup ————""—

-1
In ||S[_n,1],E,w||

)

7 (w, E) = limsup , and y(E) the Lyapunov exponent, we have:

Theorem 3. (Unbounded Craig-Simon [7]) For a.e. w and all E, 5% (w, E) < v(E).

This result’s primary role in our argument is through the following restatement and
subsequent corollary.

Theorem 4. For a.e. w, for all E, we have

||SZ, _y gl In||S
max {lim sup nolEw , lim sup M <~(E), (2)
n—oo n n—00 n
In||S In ||S]
n—o00 n n—oo n

Remark. The first statement in Theorem 4 is an immediate consequence of Theorem 3
and the second statement can be obtained by the same proof.

Corollary 1. For a.e. w, for every E and any € > 0, there is No(w, E, €) such that for
every n > Ny we have

1} < D)), (4)

max{||5[11»,17_1]7E7w||7 ||S[1,n,E,w
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max{||Sp41,2n], Bwlls 1S2n+2,3n41), B0} < e(BFan), (5)

We now turn to the positivity of the Lyapunov exponent.

As above, we describe the setting of the theorem first. Suppose {¢,(n)} and {V,,(n)}
are two i.i.d. processes independent of each other with V,,(0) a.s. non-constant, for
some ¢ > 0, t,(0) > ¢ a.s., and E[ln(1 + t,(0) + |V, (0)])] < cc.

Theorem 5. (Figotin [23]) Suppose the H,’s are random Jacobi operators defined
through the processes {t,(n)}o>_. and {V,(n)}5L_ ., satisfying the above conditions,
then the corresponding Lyapunov exponent v(E) is strictly positive for any E € R.

We first note that condition on the expectation in the above theorem is required to
ensure that E[ln™ ||T) g o||] < co. While they suppose #,(0) is bounded from below,
this is only needed to ensure E[In" ||T} g ||] < 0o. As such, their result applies in our
setting since we have a condition on the expectation of ﬁ which implies the finiteness

of E[ln™ ||Ty g.wl|]) as well.
Moreover, we remark that the argument of [23] proceeds by showing that the conditions
from a theorem by Fiirstenberg [13], which guarantees positivity of the Lyapunov ex-
ponent, hold. In particular, they show that the transfer matrices (T} g,) with common
distribution in SL(2,RR) denoted by p and the smallest closed subgroup containing the
support of p denoted by G, satisfy

ii) G, is not compact.

ili) There is no non-trivial G, invariant probability measure on RP!.
These two facts will become relevant in showing not only that d > 0 (see Theorem 6
and 7 below), but also that the result on large deviations of matrix elements [28] applies
in our setting.

Theorem 6. v(F) is continuous on R.

Proof. Fix E € R and let Ej be a sequence in R such that Fr, — F as k — oco. Let
pg denote the probability measure on SL(2,R) obtained through the transfer matrices
T, 5w and let G, denote the smallest closed subgroup containing the support of ug.
Note that by iii) above, there is no non-trivial subspace W C R? such that W is Gup-
invariant. Thus, the hypothesis of Theorem B in [14] holds (i.e. that there can be at
most one such W).
Now let X : @ — SL(2,R) be defined by X;(w) = Ty g, and X : Q@ — SL(2,R) be
defined by X (w) = Tp,g . By Theorem B in [14], to prove v(Ej;) — v(E) as k — oo, it
suffices to show:

(1) For any h : SL(2,R) — C with h continuous and of compact support, E[h(X})] —

E[h(X)] as k — oo
(2) Ellog™ (|| Xk||x{|x4|>n})] = 0 as n — oo uniformly in &
(3) E[log+(|]Xflﬂx{HXqHZn})] — 0 asn— oo.

Remark. Condition (1) above is known as weak convergence and conditions (2) and (3)
together are known as bounded convergence.

Returning to the proof, (1) follows by dominated convergence since X — X for
a.e. w and h is continuous and of compact support. Now choose M € R so that
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|Ex| < M for all k and let n = min{«, 8,v}. Note we have || Xi(w)|| < Y(w) =

V2 max{ L0 1o 1,(0)}. Thus, nlog™ || X, < Y7 and we have E[Y"] < oo by

our hypotheses. It follows that {log™ || X%||} is a uniformly integrable family, so (2)
holds. Finally, (3) follows since E[log™ [|X71||] < oo. We conclude that y(Ep) is a
continuous function on R.

g

Theorem 7. For d defined as in Section 3, (i.e. d = inf{y(FE) : E € I}), we have
d>0.

Proof. By Theorem 5 (in particular, the discussion following the theorem), we have
v(E) > 0 for all E € R. The result now follows by Theorem 6 and compactness of 1.
O

We now deal with the aforementioned large deviation result.

Again, we begin with the setting of the theorem.

Suppose {Y;} are i.i.d. 2 x 2 matrices with common distribution u, where u is a prob-
ability measure on SL(2,R). Let (M) = max{In*||M||,In*||M~!||} and suppose for
some 7 > 0, [exp(Tl(M))d(u(M)) < co. Moreover, suppose G, the smallest subgroup
containing the support of u, is both strongly irreducible and contracting.

Theorem 8. (Tsay [28]) In the above settzng, f07“ each € > 0, there is an a > 0 such

that for all unit vectors u,v € R?, P{]—log\ Hqu v)| > €} < e for sufficiently

k=1
large n.

Tsay goes on to extend this result when the matrices (and distributions) depend on a
real parameter F in a fixed compact set F'. That is, suppose Y}, g areii.d. 2x2 matrices
in SL(2,R) with respective probability measures pg. If there is C' > 0 and 7 > 0 such
that [ exp(tl(M))d(pp(M)) < C for all E € F (in addition to Yj g satisfying the
conditions in Theorem 8), then Theorem 8 holds uniformly in E.

Theorem 9. (Tsay [28]) In the above setting, for each € > 0, there is an a > 0 such
that for all unit vectors u,v € R%, P{|2log|([Th_; Yi,pu,v)| > €} < e~ for sufficiently
large n uniformly in E.

We call the a in the above theorem the ‘large deviation parameter’ associated with e.

We now show that the conditions of Theorems 8 and 9 hold in our setting. We begin by
explaining the terminology used in the statement. The term strongly irreducible means
that there is no finite union of proper subspaces W C R? such that M (W) = W for all
M € G,. The term contracting means that there is a sequence in G, say {M,, } such that

||Mn\| converges to a rank one matrix. Firstly, by taking M, in G, with ||M,|| — oo

and considering a convergent subsequence of AL M iE it follows that condition ii) (non-

compactness of G,,) implies contracting. Next, if strong irreducibility does not hold,

this implies the existence of a non-empty, finite L C RP! such that M (L) = L for all
1

M € G,. Indeed, taking the sum of point masses with weight m at each of the points
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of L gives a non-trivial G, invariant probability measure on RP! and we conclude iii)
implies strong irreducibility. Finally, the required moment condition is easily seen to be

and

1
satisfied given our assumptions on the various moments of V,,(0),t,(0),and 1(0)
w
compactness of 1.

Theorem 9 finds its use in our argument through the following corollary:

Corollary 2. (Large Deviations [28]) For any € > 0, there is n > 0 and Ny € N such

| Plab), B0
that for b—a > Ny, P w : 1 —~N(E)| > e} < e nbmatl),
at forb—a 0 {w (b—a+10gtw(a)-~-tw(b) Y(E)| >ep <e
Proof. The transfer matrices T} g, are certainly i.i.d. Additionally, by the above dis-
cussion, they also satisfy the irreducibility, contracting, and expectation condition. The
corollary now follows by taking u = (1,0), v = (1,0) and applying formula (7).

0

5. MAIN THEOREM REFORMULATED

Given the presence of ﬁ’s in the definition of regularity, we first require a lemma

before presenting the reduction of Theorem 1 to Theorem 10.
Let A = min{3, v}.

Lemma 1. If r > 1 and A, = w:MZniorMEng , then
tu(2n+1) tw(2(n+1))
P[A,, i.0] =0.
tw(n) r tw(n) z
Proof. P = P—t > d K, = : > . Th
roof. Put J, {w fo2n+ 1) _nA} an {w L2n+1) = nx en
we have: .

B < Bl B | ] < Bl [

The first inequality is by Chebyshev, together with independence, and the second in-
equality follows since A = min{v, 8}. Applying the same argument to K,, we have

2
n"P[K,] < cica. Since A, is the union of K, and J,, P[4,] < ce and the result
follows by Borel-Cantelli. O

:| = C1C9.

Thus, with the above lemma and formula (5), Theorem 1 follows from:

Theorem 10. For a.e. w, for every generalized eigenvalue E of Hy,, there is C(E) > 0
and N(w, E) such that for n > N, 2n and 2n+ 1 are (C(E),n, E,w)-regular.

6. LEMMAS

Lemma 2. Let n > 2 and suppose 0 < 8¢y < d. If x is (v(E) — 8ep,n, E,w)-singular,
then (va) € B_[x—n,x—i-n],eo U B+[x—n,x—1],60 U B+[:c+1,x+n}

5€0 °

Proof. This follows by the definition of (y(E) — 829, n, E,w)- singularity and formula
(6). O

Remark. Lemmas 3 and 4 follow [19] very closely with some minor modifications needed
to deal with unbounded and/or singular {t,(n)} and unbounded {V,,(n)}.
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Let m denote Lebesgue measure on R.

Lemma 3. Suppose 0 < ey < d, 1o is the corresponding large deviation parameter (from
Corollary 2), and 0 < §y < 1o, then for a.e. w, there is Ni(w) such that for n > Ny,
)} < g~ (M=) (2n+1)

MUBL o

max {m(B 418041 co.00)

Proof. We have

m x P (B[;b]rgo) =K <m (B[;b]wfmw))

- /]RP (B[;vaEo,E) dm(E)

< m(_])efno(bfwrl)

The first two equalities are simply Fubini’s theorem, and the inequality follows by
Corollary 2.
Let

_ . — —(no—do)(2n+1
Fo={wim (Biygniiyw) 2 e 0@,

Gn:{w:m(B

and
) > e—(n0—5o)(2n+1)}.

We have, e~ (10=00)Cn+Dp(p ) < E (m (B[;—H Sn+1].c0 w)) < m(De ™) | with a

similar estimate holding for G,. The first inequality is Chebyshev and the second
follows by the first line of the proof.
Thus,

[—n.n],e0.w

P(F, UG,) < 2m(I)e %@+
and the result follows by Borel-Cantelli. O
Lemma 4. Suppose 0 < € < d, n. > 0 is the corresponding large deviation parameter
6
and p > —. Forn € N, put C,, = {w : 3y € [-n,nl,| —n —y| > In(n?), and
Te
Ej n+1,3n4+1)w € Bl—ny)ew for some 1 < j <2n+1} and Dy, = {w : Iy € [-n,n],|n —
y| > In(nP), B (n41,3n4+1)w € Blym),ew for some 1 < j < 2n+1}. Then P[C, U Dy, i.0.] =
0.
Proof. Fix n € N, y with | —n —y| > In(n?), and 1 < j <2n+1, and put A, ,; = {w:

Ej,[n+1,3n+1],w € B[fn,y]}'
Since [n+ 1,3n + 1] N [—n,n] = 0, by independence and Corollary 2 we have

- —Ne|—n—y|
P (B[_nvy]757Ej,[n+1,3n+1],w) - P[_nvy] (B[_nvy]7€7Ej,[n+1,3n+1],w) S € :

Indeed, for each n, if Q, = {y € [-n,n] : | —n —y| > In(nP)},
Cn = U Aﬂ:yhj'
VeQy, 1<j<2n+1

By the above, we have P[C,] < (2n 4 1)2¢~"™") Thus P[C,, i.0] = 0 by Borel-
Cantelli. The result follows by applying the same argument to D,. O
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Lemma 5. Suppose p >0 andr > 1. Let J, = {w : Ik € [-n,n|,| —n —k| <In(nP) or
|k —n| <In(n?) and |V,,(k)| > na or |t,(k)| > nv}. Then P[J, i.0.] = 0.

Proof. Put Q, ={k € [-n,n]: | —n—k| <In(n?) or |n — k| < In(nP)}, and Ay = {w:
Vo(k)| = na or ty(k) >nv}. Then J, = | A

keQn
By Chebyshev and stationarity, for any k € @, P[A;] < @ —|—T03. Thus,
n
P(J,) < 2(c2 + ¢3)(In(nP) + 1)n~". By Borel-Cantelli, P[.J,, i.0.] = 0. O

rr

Let ¢ = max (E? V).
Corollary 3. If p > 0 and r > 1, for a.e. w, there is N(w) such that for n > N and
any k € [-n,n] st. | —n — k| <In(nP) (respectively, |n — k| < In(n?)),
| Pl i 0] < pa(n(?)+1) (respectively, |Pyp)wl < nq(ln("p)+1)).
Remark. Proceeding in the same manner as in the above lemma, we can obtain the

following three lemmas. We prove Lemmas 6 and 7 and exclude the proof of Lemma 8§,
as its proof is identical to the proof of Lemma 7.

1 T
Lemma 6. Supposer > 2. If A,, = {w : 3k € [-n,n] s.t. o) >nh }, then P[A,, i.0.] =
0. ’
1 r r 1
Proof. Put Jy,,, = {w : 1) >np }, then by Chebyshev, n"P[J; ] < E[W] =
and this holds for all n € N and k£ € [—n,n] because the process {t,(m)}o___ is
2 1
stationary. Since A, = U Jin, we obtain, P[A,] < Cl(zr—’—) The result now
ke[—n,n]
follows by Borel-Cantelli. O
Lemma 7. Suppose r > 1. If
1 T
A, = {w : 3k € [-n,n],| = n — k| <In(n”) and to(—n) -tk — 1) > nﬁ},

then P[A,, i.0.] = 0.
Proof. Put Q, = {k € [-n,n] : | —n — k| < In(n”)}, and

Thn = {“" ETEER ”}

Then A, = | Jin.
keQ,
1 )
H P < E = [=n=k+1l < 1 for all k .
ence, n'P[Jy,] < [(tw(—n)---tw(k— 1))4 (c1) < 1 for a € Q,

The first inequality is Chebyshev, the equality follows by stationarity together with
independence, and the final inequality follows as ¢; < 1. Thus, P(4,) < (In(n?)+1)n™"
and by Borel-Cantelli, P[4,, i.0.] =0.

O
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Lemma 8. Suppose r > 1. If

™3

1
A = 3 —n,nl], |k —n| < In(n? > )
{w k€ [-n,n],|k —n| <In(nP) and D) o) n }

then P[A,, i.0.] = 0.

Proof. The argument is identical to the one given for Lemma 7.

7. PROOF OF THEOREM 10

We are now ready to give the proof of Theorem 10. We note that it essentially goes
along the lines of the one in [19] with minor adjustments.

Proof. We will show 2n + 1 is (v(E) — 8eo, n, E,w)-regular for all sufficiently large n.
The proof that 2n is (y(E) — 8o, n, E,w)-reqular (for sufficiently large n) is similar.

d
Fix 0 < ¢ < 3 and obtain a corresponding 79 > 0 through Corollary 2. Choose

— 0 6
o 3 0,60}, p > —, and r > 2. Using Lemmas 1 and 3-8,
Tle

with the above e, €, 8o, and p and using Theorem 4, we obtain Q with ]P(Q) = 1 such
that the conclusion of Theorem 4 along with the conclusions of Lemmas 1 and 3-8 hold
for all w € Q.

Now let w € Q and let E € I be a generalized eigenvalue for H,, with generalized
eigenfunction 1. We assume without loss of generality that ¢/(0) # 0. Finally, we may
choose N so that for n > N the conclusions of Lemmas 3-8 along with the conclusion
of Corollary 1 (with the above € and E) hold for this w and 0 is (y(E) — 8¢, n, E, w)-
singular.

0 < dp <mo, 0 <e < min{

Suppose that for infinitely many n (n > N), 2n + 1 is (v(E) — 8o, n, E, w)-singular.
By Lemma 2 and Corollary 1, £ € B Note that all 2n + 1 eigenvalues

[n+1,3n+1],59,w'
of Hipy13n+1)w (Which are all real) belong to B~ (41 3n+41],c00- SiNCE Pyt 3n11], 5w

is a polynomial in FE, it follows that B~ [n+1,3n+1], is the union of at most 2n + 1

€0,w
intervals around the eigenvalues of H,, (41 3n41)- Thus, E is in one of these intervals.
B[71+173n+]_]7607w) < 6_("0_50)(2”“), so since F € ~I, we have
the existence of Ej, an eigenvalue of H,, ;11 3,41], S0 that E; € [ and |E — Ej| <
e—(m—0b0)(2n+1)

Moreover, Lemma 3 gives my(

Applying the above argument with 0 in place of 2n + 1 yields E;, an eigenvalue of
H,, | ) which lies in B such that |E — E;| < e~ (0=%)@r+D). Thus,

|E7, — Ej| < 26_("70—50)(271,4-1)‘
By the previous line and the fact that E; ¢ Bi_nn)ew (by Lemma 4),

1
G, B0l = 56(”0750)(2"+1) and hence there exist y1,y2 € [-n,n|, (w.log y1 < y2),

so that .
G- _ , >~ p(m—bo)(2n+1)
’ [ n,n],E],w(yl yQ)‘ = 2\/me

Again, using E; ¢ B[_,, )., We obtain:
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‘P[—n,n],Ej,w > e('y(Ej)—a)(Qn-i—l)
tw<_n) o 'tw(n)
[P ny—1),5; wlto (Y1) - tw(Y2 — 1) Pyy 10,8, 0]

By recalling |G[_p )5, 0 (Y1,92)| =

‘P[fn,n],Ej,w| 7
we have:
|P[—n,y1—1],Ej,w|tw(y1) e tw(yQ - 1)|P[y2+l,n],Ej,w| > 6(770_50)(2n+1)C(W(Ej)_a)(2n+1)
[Th_, tw(k) - 2y2n +1 ’
We rewrite the left hand side of our inequality as:
|P[—n,y1—1],Ej,w| 1 |P[y2+1,n],Ej,w| (6)
tu(=n) - tu(yr — 1) tw(y2) tw(yz + 1) - tw(n)
Recall we have y; < g9, so there are effectively three cases to consider:
| =n —y1| = In(n”) and [n — y2| = In(n"), (7)
| =n —y1| = In(n”) while [n — y3| < In(n”), (8)
| = n—y1| <In(nP) and |n — ya| < In(n?). (9)

For the first case, we apply Lemma 6 to the middle term in (6) and Lemma 4 to the
remaining two terms to obtain:

r

1
nBeV(EN+e)2ntl) . —
T 2v2n+1
For the second case, we again apply Lemma 6 to the middle term in (6). We then apply
Corollary 3 to the numerator of right-most term, Lemma 8 to the denominator, and
Lemma 4 to the left-hand term to obtain:

o(10-60)(2n+1) L (v(E;) <) (2n-+1) (10)

7 Han(P)+1)) [(v(E))+e)(2n+1) > #e(no—éo)(znﬂ)e(y(Ej)—a)(znﬂ). (11)

T 2v2n+1

And finally, for the third case, we again apply Lemma 6 to the middle term. Then, we
apply Corollary 3 to the numerators of the terms on the left and the right, Lemmas 7
and 8 to the denominators to obtain:

B H2a(in(nP+1)) < L o—00)2n+1) j(r(E)—e)(@nt1) (12)

T 2vV2n+1
The first case leads to a contradiction by letting n — oo, since (y(E;) —€) + (no — do) >
v(E;) + €.
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For the second and third cases, the ratio of the RHS to the LHS in the above inequalities
tends to oo as n — 0o, providing the desired contradiction. We conclude that for n > N,
on + 1 is (v(E) — 8o, n, E,w)-regular.

Finally, since the interval I was arbitrary, the proof is complete.

8. ACKNOWLEDGMENTS

This research was partially supported by NSF DMS-1401204. I would also like to thank
Svetlana Jitomirskaya for presenting me with the problem that led to this work as well
as for spending her time discussing various issues with me.

[1]
2]
3]

[4]

[5]

[6]

[7]

REFERENCES

M. Aizenman. Localization at weak disorder: some elementary bounds. In The state of matter: a
volume dedicated to EH Lieb, pages 367-395. World Scientific, 1994.

M. Aizenman and S. Molchanov. Localization at large disorder and at extreme energies: An
elementary derivations. Communications in Mathematical Physics, 157(2):245-278, 1993.

M. Aizenman, J. H. Schenker, R. M. Friedrich, and D. Hundertmark. Finite-volume fractional-
moment criteriaq for Anderson localization. Communications in Mathematical Physics, 224(1):219-
253, 2001.

A. Avila, S. Jitomirskaya, and C. Marx. Spectral theory of extended Harpers model and a question
by Erdés and Szekeres. Inventiones mathematicae, 210(1):283-339, 2017.

V. Bucaj, D. Damanik, J. Fillman, V. Gerbuz, T. VandenBoom, F. Wang, and Z. Zhang. Localiza-
tion for the one-dimensional Anderson model via positivity and large deviations for the Lyapunov
exponent. ArXiv e-prints, June 2017.

R. Carmona, A. Klein, and F. Martinelli. Anderson localization for Bernoulli and other singular
potentials. Comm. Math. Phys., 108(1):41-66, 1987.

W. Craig, B. Simon, et al. Subharmonicity of the Lyaponov index. Duke Mathematical Journal,
50(2):551-560, 1983.

H. L. Cycon, R. G. Froese, W. Kirsch, and B. Simon. Schrodinger operators: With application to
quantum mechanics and global geometry. Springer, 2009.

A. Figotin and L. Pastur. An exactly solvable model of a multidimensional incommensurate struc-
ture. Communications in Mathematical Physics, 95(4):401-425, 1984.

S. Fishman, D. Grempel, and R. Prange. Localization in a d-dimensional incommensurate structure.
Physical Review B, 29(8):4272, 1984.

J. Frohlich, F. Martinelli, E. Scoppola, and T. Spencer. Constructive proof of localization in the
Anderson tight binding model. Communications in Mathematical Physics, 101(1):21-46, 1985.

J. Frohlich and T. Spencer. Absence of diffusion in the Anderson tight binding model for large
disorder or low energy. Communications in Mathematical Physics, 88(2):151-184, 1983.

H. Firstenberg. Noncommuting random products. American Mathematical Society, 1963.

H. Fiirstenberg and Y. Kifer. Random matrix products and measures on projective spaces. Isreal
Journal of Mathematics, 1983.

A. Gorodetksi and V. Kleptsyn. Parametric Fiirstenberg theorem on random products of sl(2,r)
matrices. .

R. Han. Sch’nol’s theorem and the spectrum of long range operators. .

R. Han. Absence of point spectrum for the self-dual extended Harpers model. International
Mathematics Research Notices, 2018(9):2801-2809, 2017.

S. Jitomirskaya and C. Marx. Analytic quasi-perodic cocycles with singularities and the Lyapunov
exponent of extended Harpers model. Communications in mathematical physics, 316(1):237-267,
2012.

S. Jitomirskaya and X. Zhu. Large deviations of the Lyapunov exponent and localization for the
1D Anderson model. ArXiv e-prints, Mar. 2018.



14
[20]
21]
[22]

23]
[24]

[25]
[26]
[27]
[28]

[29]

NISHANT RANGAMANI

S. Y. Jitomirskaya. Metal-insulator transition for the almost Mathieu operator. Annals of Mathe-
matics, 150(3):1159-1175, 1999.

W. Kirsch and F. Martinelli. On the ergodic properties of the spectrum of general random operators.
J. reine angew. Math, 334(141-156):102-112, 1982.

H. Kunz and B. Souillard. Sur le spectre des opérateurs aux différences finies aléatoires. Commu-
nications in Mathematical Physics, 78(2):201-246, 1980.

L. Pastur and A. Figotin. Spectra of random and almost-periodic operators. Springer, 1992.

B. Simon. Almost periodic schrédinger operators iv. the Maryland model. Annals of Physics,
159(1):157-183, 1985.

B. Simon. Localization in general one dimensional random systems, i. Jacobi matrices. Communi-
cations in Mathematical Physics, 102(2):327-336, 1985.

B. Simon and T. Wolff. Singular continuous spectrum under rank one perturbations and localization
for random Hamiltonians. Communications on pure and applied mathematics, 39(1):75-90, 1986.
G. Teschl. Jacobi operators and completely integrable monlinear lattices. Number 72. American
Mathematical Soc., 2000.

J. Tsay et al. Some uniform estimates in products of random matrices. Taiwanese Journal of
Mathematics, 3(3):291-302, 1999.

F. Yang. Spectral transition line for the extended Harper’s model in the positive lyapunov exponent
regime. Journal of Functional Analysis, 275(3):712-734, 2018.



